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Abstract 

A twisted covariant formulation of noncommutative self-dual gravity is presented. The formu- 
lation for constructing twisted noncommutative Yang-Mills theories is used. It is shown that the 
noncommutative torsion is solved at any order of the ^-expansion in terms of the tetrad and some 
extra fields of the theory. In the process the first order expansion in for the Plebahski action is 
explicitly obtained. 
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I. INTRODUCTION 



Noncommutative structures in field theory have been studied over the years and the 
subject has been introduced in several forms. The idea of noncommutative space-time 
seems to be first.y proposed by He.seuberg fl, as a possible cut-off to cure UV divergences iu 
quantum field theory (for some historical remarks, see [2|). This idea was further developed 
by H.S. Snyder and applied it to find an implementation of the Lorentz symmetry on a space- 
time with non-commuting coordinates [3J. Snyder's construction was realized in (4+1)- 
dimensional space-time, however it allows coordinate transformations which break down 
the Lorentz symmetry in a (3+l)-spacetime subspace. The extension to include the gauge 
symmetry of the electromagnetic field was pursued in a second paper [4j (for a recent review, 



see [d|). 

Deformation quantization and Connes approach are two of the most used formulations of 
noncommutative spaces. On one hand, deformation quantization was first introduced in the 
context of phase-space quantization 6j], some few years before Snyder's paper and finally 
formulated as an alternative quantization method in Ref. |?J (for a review, see Q]). On 
the other hand, Connes noncommutative geometry 9] is a rigorous mathematical setting 
containing non-trivial structures originated from von Neumann jlo| and Gelfand-Naimark 



results 



Hi 



An important step done recently, was the discovery that noncommutative gauge theory 
is obtained naturally from non-perturbative string theory (D-brane physics) via the Seiberg- 
Witten map 12|. Furthermore, M-theory, in its M(atrix) theory approach, was also shown 
to be compatible with these noncommutative structures 131 ] . This relation to string theory 
has been one of the main motivations to further explore the physics of noncommutative 
theories. 

Non-commutative field theory can incorporate nonlocal effects in field theory at the clas- 
sical and quantum levels in an interesting and subtle way. For instance it gives rise to 
surprising effects like the IR/UV mixing JjJ (for some reviews, see 15|, I16J). Recently non- 
perturbative studies (via Monte Carlo simulations) seem to support the existence of this 

n 

mixing [17[. 

Noncommutative field theories can be carried over to SU(iV) gauge theories through 
the implementation of the Universal Enveloping Algebra associated to the Lie algebra of 
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the gauge group (of the 
Model or GUT's models 



imiting commutative field theory). Consequently, the Standard 



18] can be constructed in this way by using the Seiberg-Witten 



map. Similarly, noncommutative versions of topological and self-dual gravity [19] can be 
constructed by using the same methods. 

In fact, there are numerous proposals of noncommutative gravity theories in four dimen- 
sions 2(]] . However, they do not have a clear relation to string theory as the gauge theory 



counterpart do 



21] . Moreover, the diffeomorphism invariance turns out to be broken even at 



the classical level. This is the problem of covariance and there is evidence that noncommu- 
tative field theories also could be non-unitary and violate causality (see for instance, 22]). 
This of course has consequences for the consistence of the theory. 



More recently, 
have been made 



, proposals of a 
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241 ] (see also, 



ormulation of a covariant noncommutative field theory 
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26]). In these proposals the Lorentz symmetry trans- 



formations are deformed by a twist in order that the noncommutative theory be invariant. 
By this twist the Leibniz rule of the transformations on the Moyal product of two fields is 
consistently deformed as 

TO*0) = $>*0 + V>*<*>, (!) 

where 8* is a noncommutative variation operator to be defined below. The twist has been 

□ 

formulated for diffeomorphisms in [27], in such a way that the algebraic structure of the 
Lie algebra of vector fields on the manifold is deformed into a noncommutative algebra of 
diffeomorphisms, keeping the noncommutative parameter 9 constant. This allows to con- 
struct geometric composite covariant objects in the deformed algebra, in particular metrics, 



covariant derivatives, curvature and torsion. In this way in [28] a twisted covariant non- 
commutative Einstein-Hilbert action was given, which has been further explored in [29] (for 
some reviews on the subject, see 30]). In a similar spirit, gauge symmetries can be twisted 
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31 



321 ] and further 



giving rise to covariant noncommutative gauge theories described in 
developed in 33]. An interesting point of this formulation is that the language of differential 
forms can be used to obtain covariant results. 

In [34] . J. Wess has given an explicit realization of the twisted co-product (1) for gauge 



symmetry. This formulation makes use of the functional calculus language from field theory, 
which allows to explicitly restrict the transformations to the fields, and to avoid the prob- 
lem that the derivatives of the Moyal product are not covariant. In the present paper we 
follow these results, and generalize them to diffeomorphisms, in order to construct a twisted 



covariant noncommutative formulation of Plebanski's self-dual gravity. This involves simul- 
taneously local Lorentz and diffeomorphism transformations. As is well known, Plebanski's 



351 ] self-dual gravity is a topological constrained SL(2, C) BF theory, and self-dual vari- 



ables have been the starting point to find loop variables to quantize the gravitational field 



361 ] . In [19( we have described SL(2, C) noncommutative topological and self-dual gravities, 



respectively. Though the theories are manifestly Lorentz invariant, the diffeomorphism in- 
variance remains broken. In this respect they are not fully symmetric with respect to the 
whole noncommutative symmetries. In this paper we use the twisted formalism to give a 
noncommutative SL(2, C) BF theory, invariant under twisted local Lorentz and diffeomor- 
phism transformations. In order to do that, we exhibit a simple noncommutative version 
of the volume form, given by the product of the one-form tetrads. Then we will implement 
the noncommutative constraints in such a way that we get a noncommutative version of 
Plebahski action which is not only invariant under twisted Lorentz transformations but also 
under twisted diffeomorphism ones. We will show that the torsion can be solved at any 
order of an expansion on 8. The Lagrangian, the torsion and other relevant expressions are 
explicitly calculated in the present paper. 

This paper is organized as follows, in Section II we give an overview of twisted covariant 
non-commutative gauge and gravity theories. In the process we prove that the functional 
derivative methods introduced in Ref. [34J] for gauge fields, can be carried over to the con- 
struction of noncommutative gravitational fields with twisted symmetries (a basic detailed 
calculation is summarized in the appendix). In Section III we give an overview of self-dual 
gravity. In section IV we construct the twisted covariant self-dual gravity. Section V is 
devoted to the final remarks. 



II. NONCOMMUTATIVE GAUGE AND GRAVITY THEORIES CON- 
STRUCTED VIA TWISTING 

In the present section we describe some important features of the twisted gauge and 
diffeomorphism transformations, that will be necessary in Sec. IV. 

Noncommutativity is introduced ordinarily through a Moyal-Weyl space-time, with com- 
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mutation relations given by (for recent reviews see, 15] ) 



[x»,x v ] = iO*"*, (2) 

where the antisymmetric matrix 6^ u has constant entries. This noncommutativity can be 
realized through the Wigner-Moyal correspondence, by means of the Moyal product 

f*g{x) =n*U ®g){x) =ex P |^ A ^f{ y ) g ( z ) , (3) 

where = o J 7 " 1 , ji is the product map //(/ ® g) = fg, with T = e~% e ^ d v-® d » . When 
necessary, we will write ® g) = f ■ g, in order to stress that we are speaking of the 
commutative product. The presence of 9^ v as a constant matrix and of ordinary derivatives 
in this definition leads to the loss of covariance. In particular it has been shown that Lorentz 



representations with different charges 181 ]. 



invariance is violated (see for instance, 22]]) and there are problems to include in a theory 



If we consider a gauge group of transformations, one can construct a covariant deformed 
theory by introducing an appropriate twisting of the transformation law of the Moyal product 
of fields in some specific representation 7Z. The ingredients are: (i) a Lie algebra Q, (ii) 
an action of the Lie algebra Q on the space of functions A = Fun(M) of the space-time 
manifold M that one wants to deform into a noncommutative algebra Aq, and (Hi) a twist 
element J 7 , constructed with the generators of the Lie algebra Q. Then by twisting the gauge 
and diffeomorphism Lie algebras we can obtain a covariant noncommutative theory of gauge 
fields or gravitational fields, respectively. 

We start by considering a gauge group G, with a Lie algebra Q in some irreducible 
representation 7Z. The symmetry properties of the field theory on spacetime M can be lifted 
in a natural way to the universal enveloping algebra 

U (G, 7Z) of Q in the irrep 1Z. This has a structure of Hopf algebra (U(Q, 71), m, e; A, e; S) 
where A : U(Q, TZ) — > U(Q,7Z) (g> U(Q,7Z) is the co-product (for a more detailed description 
of the Hopf algebra structure the reader can consult for instance, [s^]). In the commutative 
theory the transformation law of the product of two fields, i.e. the Leibniz rule, is given by 

6 a ((f>-il)) = / u[A(5 a )(0®V)] = (<W) + M), (4) 

where A(5 a ) = 5 a <E> 1 + 1 (g> 5 a is the co-product. In the noncommutative theory, the 
definition of the co-product is more elaborated. Indeed, the Moyal product of fields involves 



non-covariant derivatives, hence we would expect that it will have a complicated nonlinear 
transformation. However the coproduct can be generalized by considering a twisting of Eq. 



Twisted Gauge Transformations 

Let us write the transformation of a matter field as 5 a (fij(x) = ia l (x)[Ti<f>(x)]j = S a (pj(x), 



where S a is given by 



34] 



S* = iJ dza^zW^z)}^. (5) 
Then we define the noncommutative infinitesimal transformations by 

= S* a 4> = 5 a (f> = S a (f>, (6) 



which, according to [28(] it can be written also as = — X* * (p. Here we will follow the 
formulation (EJ), which makes explicit that the transformations act only on the fields of the 
theory. Thus we can define a restricted Moyal product which operates only on the fields 

V) = /ior 1 ^®^) = (7) 

where T is a bilinear functional operator which acts on all the fields of the theory, here 
denoted as {4>k} 

and <fi, tp G Ag. 

This restricted Moyal product does not act on functions like the parameters of the sym- 
metry transformations, i.e., if / is a function not related to the fields of the theory, then 

^(/®*)=m(/® *) = /*• 

According to the twisted noncommutative theories, the Leibniz rule is written in terms 

of a twisted co-product of (jSJ) 

= (£0*^ + **(£VO, (9) 

where 

A e (S a ) = Ar{S a ) = F-iAiSj? (10) 



is the Drinfeld's twisted co-product arising in the definition of quasi-triangular Hopf algebras 
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38| and A(S a ) — S a ® 1 + 1 Cg) S a is the commutative co-product of (jSJ). It can be shown 
in a straightforward, although somewhat cumbersome way, that the co-product flU]) gives the 



same result as in 



341 ] (an explicit derivation is worked out in the appendix) 

8*(cj) r * <j>.) = ia l ■ [(Ti<p) r *(p s + (pr* J . 



(11) 



The right hand side looks quite similar to the usual Leibniz rule, but is radically different 
because the Moyal product does not act on the transformation parameters, as they multiply 
the rest of the expression to their right with the ordinary commutative multiplication. The 
reason of why to use such a complicated expression like ([9]), is that it is part of a Hopf 
algebra |29| which ensures its consistency, e.g. the associativity. 



Twisted Gauge Fields 

Things work quit e similar for gauge fields A 1 . In this case the action of the transforma- 



tions is given by |34j 



S^ = i jdz [d,a\z) - ar{z)f n %{z)] j-^ y (12) 

For example, the transformation rule of the product * cf> is given by the expression (Q 

5* a (A^<p) = ^[Ajr(5«)(A M ®0)] = /i,[^- 1 A(5 Q )^(A M ®0)] =d^a-(j) + ia-(A^<P) 1 (13) 

where it has been taken into account that the fields are in different representations of the 
gauge group, A(S a ) = <8> 1 + 1 <8> S^. Such expressions containing different fields can be 
handled considering, as in the case of the functional operator J 7 , that the transformation S a 
must contain a sum over all the fields of the theory. Thus, the covariant derivative 

D k lt <j> = d^-iA^<j> i (14) 

fulfils S^D*cf) = ia ■ D*(f>. The field strength is obtained as usual 

(D* *D* v -Dl*Dl)(t>= -i {dfj,A v - dyAp - i[A^ *A v ])*<j>= -%F^ * </>. (15) 

In order to get its transformation rule, we need to compute the transformation of A^ * A v , 
which turns out to be 

5l{A^A u )=^[T- 1 A{S a )^{A^®A u )] = d^a-A u + d u a-A pL + ia l -[T h A^A u \. (16) 



Thus the field strength transforms as usual, S^F* U = ia l ■ [TJ, F*]. In order to ensure that 
the covariant derivative has the correct properties, it must have a co-product. Let us write 
the covariant derivative as 

D; = J dz [d^z) - <V(*) * J^y (17) 

Then we have, after straightforward but laborious computations 

K{<l>r * 0.) = ll*[F~ l H D l)H<l>r ® <f>.)] = (Dfflr * 0, + r * (D*(f>) s , (18) 

where A(£)*) = D* ® 1 + 1 <8> D*. For the adjoint representation we have similar rules. 

Twisted Diffeomorphisms 

For diffeomorphisms it is not obvious that if we use Drinfeld's twisted coproduct, we will 
get similar results. Let us consider for instance a covariant vector field 

hU» = -?d v Up-d^U v . (19) 

As far as the second term in the r.h.s. is a matrix transformation, the considerations of the 
preceding section can be applied to it. Thus, in order to see if the previous formulation can be 
applied here, it is enough to consider scalar fields 0, transforming as: <5^0 = —^ v d u (f) = Sfcj). 
Here we define 

s t = ~ j dz ^ d ^s^Ty ( 2 °) 

Thus, if we apply ([9]), after computations (the detailed calculation in the appendix A) we 
get 

<5£(0 * ij) = /UM<%) (0 ® il>)] = ~e ■ (d»<f> * V + * d^) . (21) 
Hence, for a covariant vector field we have 

Sf" = -Jdz [e{z)d v U p {z] + d p e{z)U v {z)\ (22) 

Similarly, the procedure can be also carried over for a contravariant vector field V 1 . There- 
fore, we can compute the transformations of mixed products like 

<W * = M*[A^)(0 ® = fi*[F-\S$ <g> 1 + 1 <g> sf")^ <8> 

= -r ■ (9,0 * + * d v Ufj) - d,C ■ (0 * 0.) (23) 
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or 

<5£(V * */„) = fi4A^)(V^ <g> U v )\ = ^[F~\Sr ® 1 + 1 ® ^"^(V <g> J7„)] 

= -? p ■ (flpV * + V» ★ c^) + ■ * [/„) - d u e ■ (V * E7p). (24) 

Thus the Moyal product of tensor quantities lead to higher order tensors as usual, and the 
contraction of indices of tensor quantities lead to lower order tensors, for instance 

5*(W * E^) = -C ■ d v {V * . (25) 



Twisted Differential Forms 

The above properties allow us to define in the usual way differential 1-forms U = U^dx^, 
which can be extended to higher order differential forms if the differentials dx behave as 
constants under the Moyal product, i.e. for the product of two 1-differential forms U and V 
we have 

U A V = U^dx" A V v dx v = (U„ * V v )dx» A dx v . (26) 

The essential point is the noncommutative exterior derivative which is defined as commuta- 
tion of the following diagram: 

/ e A A f e Ae 
d[ id* 
(df)eA\A) (d* » f) e A\A e ) 

(d* > /) = (O; > f)dx* = (dj)dx^ = (df). (27) 

Here A 1 (Ae) is a left (or right) module over Ae, i.e. an ^-module. In the diagram W is the 
map given by the Weyl-Wigner- Moyal correspondence jy], which is an isomorphism. With 
this definition it easy to show that 

d* > d* > / = 0, (28) 

for any /. Thus d* > d* = 0. In this way, the differential of a differential form gives, as usual, 
higher order differential forms 

dU = dJJ v dx u A dx». (29) 
10 



For p-forms 

U p G A P (A) Up G A p (A e ) 

(dpUp) G A P +\A) A (d; > Up) G A p+1 (A e ), 
such that the diagram commutes, i.e., 

(d;>Up) = (d p Up). (30) 

Here A p (Ae) is also a ^-module. 

In the general case for the wedge product of a p-form U p by a g-form V q , the usual graded 
Leibniz rule is satisfied 

cf > (Up A = (d* > Up) AV q + (-l) p Up A (d* > V^). (31) 

Under this scheme, in which transformations S% act only on the fields, differential forms 
will not transform under diffeomorphisms as scalar fields. Usually, the transformation of 
the field is compensated by the coordinate transformation. In the present case, considering 
for instance a one-form U, we have S^U = dx^S^U^, where S^U^ is given by fl22|) . However 
the interesting feature is that, despite of this undesirable property, four-forms continue to 
transform (in four dimensions) as invariant densities. Indeed, let us consider U = dx p t\dx v A 
dx p A dx a U tlvpa = dVe pupa U pupa , where e pvpa is the Levi- Ci vita symbol in four dimensions. 
Then we have 8\U = dVe^S^U^, that is 

8*U = dVs^o* K A 3 A tW - d^Uxupa - d u eU, Xp „ - d^U^ - d^U^) 

= dvs^o* {-ed x u, upa - d x eu^ pa ) = -d x {eu) , (32) 

where we used the identity: e p,vpa ^ K + cyclic permutations of {[iispcrX} = 0. This result can 
be understood from the invariance of the action under the transformations of the fields, as 
can be seen from 

SA = [ d 4 x' £[(/)' (x'),d'^(x')} -J d 4 xC[(f)(x),d p (f)(x)} 

d 4 xC[(p'(x),d^\x)} - [ d A xC[ct){x),d p (t){x)} = 0. (33) 
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In this way we can construct noncommutative invariant actions by means of four forms. For 
instance, if we consider the product of four one-form tetrad, we get 

e a A e b A e c A e d = dVe^e* * e b * e p c * e*, (34) 

which is not antisymmetric in the indices a, b, c, d and consequently does not give the deter- 
minant of the tetrad. However it is still an invariant density, and we must take care only 
about Lorentz invariance. For example, by contracting this quantity with a suitable four 
tensor, we get an expression invariant under twisted Lorentz plus diffeomorphisms transfor- 
mations, as follows 

(S A + 5 ? )(e a A e b A e c A e d -k V abcd ) = -<9 A [£ A • (e a A e b A e c A e d * V abcd )\. (35) 



In this paper we consider the Plebanski's action of gravity [351 ]. which is a BF theory (with 
constraints) with the Lagrangian given by a four form. It will be twisted in the same 
sense as a gauge theory and will be covariant under twisted Lorentz and diffeomorphism 
transformations. 



III. BRIEF OVERVIEW OF THE SELF-DUAL FORMULATION OF GRAVITY 

In this section we overview the self-dual formulation of gravity in four dimensions. We 
will follow Plebahski paper [35j. Let start by considering a SO (3) complex connection one- 
form Q = Q{T l (i = 1, 2, 3), with its corresponding field strength F = dQ + Q A Q and the 
BF- act ion 

1 = -Ai J Tt(BAF), (36) 

where B is a Lie algebra valued two-form. Let us now write the fields into their real and 
imaginary parts, Q = \{u + iuj), B = |(S + iH) and F — |(i? + iR). Now let us define 
u io = _^oi = ^oo = o anc i = e ij k u k . Similarly R 0i = -R i0 = R\ R 00 = and 
R l i = e 1 ^ kR k - In this case, putting things toghether, we get the 50(3, 1) field strength, 

R ab = du ab + ^ac A a ^ = Q, 1, 2, 3). 

In general if v % is a complex 50(3) field, its decomposition into real and imaginary parts 
can be rewritten 50(3,1) 

algebra valued self-dual field, v { = \{v 0i - {e 0i jk v jk ) = v {+)0i } i.e. it fulfils e ab cd v^ cd = 
2iv^ ab . Moreover u i v l = -ju i+)ab v { ^. The field strength satisfies R^ ab (u^) = R^iJ^). 
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Following Plebanski 35j, the solution of the constraints for the B l field is given by 
Yi ab = e a A e b , where the tetrad e a are real one-forms, which are defined up to a SO(3, 1) 
transformation. Thus, the action (I36p can be rewritten as 

I = i j £ (+)afc A R^ = (^-e abcd e a A e b A R cd + i e a A e b A R ab ^j . (37) 

From the tetrad we obtain the torsion two-form: T a = De a = de a + u a b A e b , which satisfies 
the Bianchi identity DT a = dT a + u a b A T b = R a b A e b . Therefore, the second term in fl37|) 
can be written in terms of the torsion. Furthermore, if we write R ab = R fJ-l/ e^ l e b , the action 
( l37l) can be rewritten as 

/ = - J dete iy» + % - J e a A DT a . (38) 

The first term is the Palatini action, with the tetrad e and the connection uj being indepen- 
dent fields. The variation of uj on this term gives 

<U = iS u J Y> ab A R ab =2iJe a AT b A Suj^ = 0. (39) 

This is a complex equation, where the coefficient e a A T b is real. Therefore, if we set to zero 
the real and the imaginary parts separately, we get the equation e a A T b — e b A T a = 0, from 
which turns out that the torsion vanishes, T^ u a = 0, with the well known solution given by 
the second Cartan structure equation 

uVp = \ [e,a(d u e a p - d p e\) - e va (d p e\ - d,e%) - e pa (d,e a v - d v e\)] . (40) 

If we put it back into the action (|38|) . we get the Einstein-Hilbert action 



/ = / det e • R pu ^d 4 x. (41) 



IV. TWISTED CO VARIANT NONCOMMUTATIVE SELF-DUAL GRAVITY 

Let us consider now the noncommutative theory of the action (|36|) . In order to take into 
account the form of the noncommutative field strength, we must extend the fields to the 
universal enveloping algebra (UEA) of su(2), given in this case by u(2Y The formulation 



of twisted gauge transformations closes for arbitrary gauge groups [3l|, [32|. Thus, our 



proposal would be valid also for the Lie algebra su{2). However, as it was discussed in 
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Ref. [32j], the consistency of the classical equations of motion of noncommutative Yang- 
Mills theory requires the use of the associated UEA. In Appendix B we show that these 
considerations apply also for BF actions. As we precisely need to work out the equations of 
motion consistently (including the torsion) from the noncommutative action corresponding 
to f)36p . we shall use the UEA of su(2), namely u(2). Hence the action is now 

A = -2iTi J £ A R = -Ai J (e* A % + E 4 A #4) , (42) 

where R = du + u A u is the noncommutative field strength and T = {a*, a = 1}, are the 
generators of the u(2) algebra, which satisfy: 

[a\ a j ] = 2ie ij k T k , [a\ a 4 ] = 0, {a\ a j } = 2<fV 4 , 

{a\a A } = 2a\ {a\a i } = 2a\ Tr^V 3 ) = 2S AB , (43) 

where A,B = 1,2,3,4. Following Sec. II, in particular formula (1351) . one can see that the 
action (1421) is invariant under twisted gauge and diffeomorphism transformations. 
The field strength is given by R = R l Ti + R^T^, where 

K = dJ + ie'jfeW* X u k + J K u A + u A X uo\ (44) 
R± = du 4 + u i Au l + uj i A u; 4 . (45) 

The first term (zero-th order) in the ^-expansion of the curvatures coincide with the com- 
mutative ones. 

In terms of 5*0(1,3) self-dual fields, by means of the relations shown in the preceding 
section, the action ( 1421) is given by 



.4 



E««* A (<fc&> - A W « + W « Au 4 + w 4 A J a V) 
-4£ 4 A ^ - -^ ab A U W + a; 4 A u; 4 ) 



(46) 



where E afc and o> afe , which arise from E* and u l , are real and antisymmetric by construction, 
as in the commutative case. 

This action must be written explicitly in terms of the tetrad in order to be compared with 
the Einstein-Hilbert action. In the commutative case, Plebahski has formulated constraints 
on E*, whose solution is given by £ afe = e a A e b . After substitution of this solution into the 
commutative action, the Palatini action turns out. Here we have a noncommutative action, 
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with an explicit dependence on the noncommutativity parameter 9. Thus the solution of 
the equations of motion will be given by generic fields 0's depending on 9. This dependence 
can be made explicit by a series expansion 

oo 

m = J2 eaibl --- eanbn ^L- anbn - (47) 

n=0 

Here we will make an ansatz on the form of the dependence of S afe on 9, given in terms of 
the tetrad by 

E ab = ^(e a A e b -e b A e a ). (48) 

It is easy to see that the power series dependence on 9 of this expression has only even 
powers. The next step is the variation of the action (j4U|) with respect to the connection 
oj^\ which gives us 

S uW A = ij | - dZ ab + [u * T] ab - [to 4 * Z ab ] - [u ab * S 4 ]| A Su™ = 0, (49) 

where [u * S] ab = [u ac * S c fe ] — (to A S) a6 -(S A uj) ab . In order to see which are the equations 
of motion arising from this variation, we take into account that we are dealing with complex 
quantities. Let us consider generic equations of the form E ab A8u^ = E ab ^ A5uj^ = 0. If 
E ab are real, the real and imaginary parts of the equations give E ab = 0. If E ab are complex, 
by the properties of the self-dual projector we can see that it is enough to set to zero their 
real, or their imaginary parts. Indeed, taking into account that E ab ( + *> = E ab ^ \ where E 
stands for the complex conjugated of E, we get for the real or the imaginary parts the same 
result 

(V 6 « ± A 6u^ = £ afe(+) A Suff = E ab A 5u^ ] = 0. (50) 

Hence if the real part of E vanishes, then the imaginary one vanishes as well. Further, if / 



and g are real functions, then f * g = g * f . Thus, from the real part of the coefficient of 
Soj^ in (l4"9"j) . we obtain the equations of motion 

2dZ ab -[u * Z} ab +[u * Y] ba -2i {[772 * - [u ab * A 2 ] - l -e ab cd ([ m * S cd ] + [uj cd * X,]) } = 0, 

(51) 

where we set u> 4 = rji + %r\i and S 4 = Ai + i\ 2 - 

Considering the expansion in powers of 9 of the fields (|47p and of the Moyal product, 
expanding order by order we get for the zero-th order 

dTi (0)ab _ u {V)ac A E (0)6 + JO^c A s (0)a = 0> (53) 
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which is the second Cartan's structure equation for with the solution given by (|40p . To 
first order in the ^-expansion we have that ( JoTT) yields 



9 C 



where E^ ab = e a A e b and u^ ab is given by ( [401) . 
Solving for io^\ we have after some computations 

, p afecd (1) e _ abce (1) <A <r _ \ jwpa 



(53) 



+ \e a \ d (daTffldfP®* + d a ^d p \?l) - (a - /?)] = M Q/3 ^($(°)), (54) 

where $^ are real combinations of the tetrad e a and the fields r][ k \ vf£\ A^ and A^ for 
k < n. This equation can be rewritten as 



c , ,(i) c . , ,(i) d } 



W afto() _ + ^a/3,da "b — ^a/3,db °a 



e abd ee- l MJ de {^), 



(55) 



from which we get 

,(1) c , ,(1) c 



^,ab - ^,ba = ^ab^f + 2e abdf 6 f) M 'J '* = M^ a b C (^) 



and then 



-If - A/f (1) 4- A/f {1) 

^aP^abc ~ 2 \ »/3,abc iw o/3,6ca ' JKi a/3,cab 



Thus 



(1) 

a/3,abc 



is determined by the tetrad, r/[°' ) , r]^\ A^ and A^- Furthermore, to the n-th 



(0) 



(56) 



(57) 



order we get from (}5"Tj) 



(58) 



where £' n ) vanishes if n is odd and otherwise depends on the tetrad by the ansatz (jlH 
Moreover, by a similar computation as for the zero-th and first order cases we get 



a.iP\...a.nPn,ab ai f3 1 ...a„f3„,ba a 1 f3 1 ...a n /3„,ab 



($(«) ) ; 



(59) 



from which the n-th correction to the spin connection is given by 

uy ai/3i...o n /3 n ,afec ^ \ aifSi...a n /3 n ,abc lvl cti/3i...a n f3n,bca ~T~ lvl ctif3i...a n f3 n ,cab j " 



(60) 
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Therefore, if we substitute the spin connection obtained to all orders from these equations 
into the action fj46l) . we get a noncommutative action for Einstein gravity, which depends 
to all orders on e^ a , E 4 and u 4 , in such a way that to zero-th order it coincides with the 
Einstein-Hilbert action. To first order action (PR)]) is given by 



A 



S (0)a6(+) AjR (0)( + )_ 4S (0)4 A ^(0)4 



4E^ 4 A du^ 4 - 4£(°) 4 A du^ A 



+ 0(^ 2 ), (61) 



2 



- A (d a cu^ 4 A <V° )4 - U a uj^ ab ^ A j 

where E^ ^ 6 = e a A e b and and wiaaft are given by fj4"0]) resp. (157|) . 

It is worth to note that, simultaneously to the variation of a/ + ) ab we can vary with respect 
to uj 4 and E 4 , with the resulting equations of motion 



S4 4 4 



y4 i I (J+) . _ ...(+) 



and 



« , ,4 a , ,4 _ 1 / o6(+) , , ,(+) , ,o6(+) , , ,(+)\ i , ,4 ,4 , ,4 , . ,4 



(62) 



(63) 



To zero-th order we have the equations e^^c^E^ 4 = and d^uj^'* — dyUJ^'* = 0, which 
have the solutions 

4? = d,S u - d u S„ uf 4 = d^. (64) 
To higher orders the equations are of the form 



,(0) 4 



,(0)4 



p) 4 ( n ) __ pi 4(n) 



function of E^ 4 , u;^ 4 , , for (k <n), 

function of a; ^ afc , u;p for (k < n). (65) 



Thus these equations, together with the equations of , could be solved recursively. 



V. FINAL REMARKS 



In the present paper we pursue the idea of the implementation of the twisted symmetries 
to describe a non- commutative theory of gravity. We applied the prescription based in the 



17 



twisted gauge transformations to construct a noncommutative gauge theory of gravitation. 
In particular, we study noncommutative Plebanski's self-dual gravity. As well known it is a 
topological constrained SL(2, C) BF theory 35j. This is addressed by extending the fields to 
the universal enveloping albegra of su(2), given by u(2). This action is constructed to be in- 
variant under twisted Lorentz and twisted diffeomorphism transformations. The constraints 
are implemented at the noncommutative level by the ansatz (HHj) . This ansatz allows to 
solve the resulting torsion constraint to every order in the expansion of the noncommutative 
parameter 8 (see Eq. (|60|) ). It is shown that at any order, the solution is described in terms 
of the tetrad and the extra fields corresponding to the fourth components of the connection 
u and of the £?-field two-form E, due to the enveloping algebra. Furthermore, the noncom- 
mutative BF action is explicitly obtained to first order in 9 (1611) . It is important to remark 
that, although the BF theory is invariant under twisted diffeomorphisms, the invariance of 
the resulting noncommutative gravity theory is realized not directly through metric variables 
as it was described at 28|], but by means of £ and u, through the prescription given in Refs. 



31 



32] for gauge theories. Then twisted diffeomorphisms are encoded in the twisted gauge 



symmetry. 

Finally, it is worth to mention that this procedure can be carried over to define the 
classical topological invariants arising in topo.og.ca. gravity Q, m a way inwian. a,so 
under twisted diffeomorphisms. This issue was not enough clear in that paper [19] and with 
these methods it can be clarified. Some of results on this subject will be reported elsewhere. 
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APPENDIX A 

Let us consider a linear operator O acting on a set of generic fields <pi. This operator acts 
locally as a matrix as well as linearly in the derivatives of the field, and is defined by 

SU = j dzp*(z)4>(z))ij^, (Al) 

where 

[0*(x)4>(x)] t = ogWMx) + 0f>{x)dM*) = 0\x)TU{x). (A2) 

Here the operators are constant and contain the matrix and the differential actions on 
the fields </>j. 

The coproduct of this operator is given by 

A(5'o)(0®^) = + (A3) 

Let us now define the noncommutative coproduct as 

=M*[A*(0<g>^)], (A4) 

where A e = A^ = J 7 ~ 1 A(S{ ) )J 7 with J 7 given by Eq. ©. 

In order to compute it, we must expand the exponentials. The action of T gives the 
Moyal product on the fields (p and i/j, hence 

n ° ^ ^ 

x/i, ® 1 + 1 ® Sg) [9 W • • ■ d^<Mx) ® d vx ■ ■ ■ d u Jj k (x)} } . (A5) 

The action of Sq on the derivatives of the fields can be computed as follows 
S$[dn-'-d^M*)] = J dz[0^(z)cj ) (z)] j -^d fM1 ---d lln( f> i (x) 

= d^-..d^(x)^x)] i . (A6) 

Consequently, we have 

x^j-F" 1 ^ • ■■d fln [0*(x)<f>(x)] i ®d Vl ■ ■■d Un <if> k (x)+dm ■ ■■d lln( j) i {x)®d vi ■ ■■d Vn [0^{x)^{x)] h 

(A7) 
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The action of T 1 on the first term on the r.h.s. of (1A7I) can be written as follows 

-r / • \ m 

ml I 2 / 

x { f dz 1 d tn <i> h {z x ) ■ ■ ■ f dz m d Pm (f) jm (z m ) — - d x ■ ■ ■ d^[0*(x)<f>(x)]i 

® J dy x d ai ( yi ) g ^ 5 ... J dy m d Cr J) lm {y m ) § ^ 8 ■ ■ ■ &lj) k (x) j . (A8) 



Furthermore, taking into account the definition (1A2j) . the terms inside the biggest bracket 
in the preceding expression can be written as 

^■■■dFO* A {x) [ dz 1 d pi <j )h {z 1 )—^... [ dz m d Pm <f> jm (z m ) 5 A T A <t>{x)\i 

J 0( PjlK Z l) J 0( Pj,n\ Z m) 

® • • ■ d u n I dy 1 d CTl ipi 1 (y 1 ) - ■ ■ ■ f dy m d am ijj lm (y m )—-^ — rM%)- ( A 9) 

From the properties of the Dirac function, considering that the operators T A in general are 
constant matrices and contain derivatives, we have 

dz m d Pm $j m {z m ) — ^ ^ [T A <t>(x)]i = [T A d Pm (j)(x)]i = d Pm [T A (j)(x)] h (A10) 



because T A commutes with the derivatives. Therefore we have from ( 1A10I) the following 
ml V 2 J 

9^ ■ ■ ■ d Pn {<D* A (x)d pl ■ ■ ■ d Pm [T A <Kx)]i} ® d vi ■ ■ ■ d Un d ai ■ ■ ■ d Cm ^ k {x) 

+ <V • • d, n d pi ■ ■ ■ d^ix), ®d Ul --- d Vn {0* A {x)d ai ■ ■ ■ d am [T A ^(x)] k }^j . (All) 

Inserting this expression back into (IAT[) and considering that the sum over n gives J 7 , which 
compensates we get 



/ ■ \ m 



x ^ A (x)d pi ■ ■ ■ d Pm [T A( p(x)} t ®d ai ■ ■ ■ d am <4> k (x)+d pi ■ ■ ■ d Pm ^{x) i ®0^ A {x)d ai ...d am [T A i/j(x)] k 

(A12) 

Then we have 

A e (3 )[<f>i(x) <g> Mx)} = [O+ix) <g> 1 + 1 <g> 0^(x)][<j>i(x) ® ^ k {x)\. (A13) 
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From the above computation one can conclude that 

8*(<l>i*ipk) = V* (l> (x)(j)i(x)®i j 



= 0< t> {x) ( j )i {x)*^ k + ({> l *0^{x)^ k . (A14) 

For instance, if we consider the gauge transformations (|3j) and translations on scalar fields 
ff20|) . then we get correspondingly 

5* a {cj) * ^) = • W * </> + * Trf) (A15) 

and 

8l{(j> **/>) = ■ ★ V + <t> * fyVO = • <9 M (0 * ^). (A16) 
APPENDIX B 

Let us consider a noncommutative BF theory in four dimensions (without cosmological 
constant term) with gauge algebra su(2). The action is given by I — jTzB A F, where 
the gauge field is A = A l Ti (with being the su(2) generators) whose field strength is 
F = dA + AA A = (dA { + is 1 jk A j A A k )T { + A 1 A A { and B = BjT^ is a two-form field. This 



action is invariant under twisted su(2) gauge transformations [31| as it has been shown in 
our Section 2. Moreover, due to the trace keeps only the su{2) part of the field strength we 
get 



However, as shown in 



/ = J B l A (dAi + ie ijk A j A A k ). (Bl) 



32j | for Yang-Mills theory, the consistency of the equations of motion 
requires the enveloping algebra. In this appendix we argue that it is also the same situation 
for BF actions in the case of su(2). 

The field equations of the action ( 1B1I) are given by 



[d,Bl p - -e* jk {A^ * B k p } 1 = 0, (B2) 

d,Ai - d v A\ + fe< iJfc {4 * At} = 0. (B3) 

The integrability conditions of the first equations are 

e^e^MAi * B k pa } = eT^ jh ({d^ v 1 B k pa } + {Ai * d,B k pa }) = 0. (B4) 
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However, if we use the equations (1B2I) and (1B3I) . we have, after some manipulations 

e^e^MAi 1 B k pa } = --e^ \{A\ * {A> * B paJ }} + {Aj * ({4, B m ) - {A vj , B%})] , 

(B5) 

which does not vanish identically. If instead of su(2), we had considered the enveloping alge- 
bra m(2), the corresponding equations would vanish due to the generalized Jacobi identities. 
Hence, even if the action is invariant under any Lie algebra, the consistency of the equations 
of motion requires the whole enveloping algebra. 
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